We introduce a method of studying triangulations of S 3 that connects topological and geometrical approaches. We consider local moves called expansions, that generalize stellar subdivisions of simplicial complexes. Let d(T ) be the length of a shortest sequence of expansions relating a triangulation T of S 3 with the boundary complex of a convex 4-polytope. In this paper we obtain an upper bound for d(T ) in terms of the number n of tetrahedra of T . The bound is exponential in n 2 , and we prove that in general one can not replace it by a sub-exponential bound.
Introduction

History and main results
This paper is concerned with triangulations of the 3-dimensional sphere S 3 . Triangulations of spheres arised early in the study of convex polytopes; see [5] or [18] , for instance. A cellular decomposition of S d is polytopal if it is isomorphic to the boundary complex of a convex (d + 1)-polytope. By a theorem of Steinitz [21] of 1922, all triangulations of S 2 are polytopal. However, there are triangulations of S 3 that are not polytopal, see [25] or Section 2.2. Moreover, "most" triangulations of higher-dimensional spheres are not polytopal: Kalai [7] has shown that the number of triangulations of S d grows faster in the number of vertices than the number of polytopal triangulations of S d , for d ≥ 4. Thus, if one wants to understand triangulations of spheres, one should go beyond the geometric setting of convex polytopes.
We suggest an invariant d(T ) of a triangulation T of S 3 that measures to what extent T fails to be polytopal. Its definition is based on the following local transformations.
Definition 1 Let M be a closed PL-manifold with PL-triangulations T 1 and T 2 , and let e be an edge of T 1 with ∂e = {a, b}. Suppose that T 2 is obtained from T 1 by removing the open star of e and identifying a * σ with b * σ for any simplex σ in the link of e. Then T 2 is obtained from T 1 by the contraction along e, and T 1 is obtained from T 2 by an expansion along e.
In general, there are edges of T 1 along which contractions are impossible. This is the case, e.g., if an edge e of T 1 is part of an edge path of length 3 that does not bound a 2-simplex of T 1 . Indeed then T 2 has multiple edges and is not a simplicial complex. Obviously any PL-triangulation admits only a finite number of contractions.
Stellar subdivisions of simplices are examples of expansions. Since an expansion increases the number of vertices by one and the number of simplicial complexes with a given number of vertices is finite, it is easy to see that also the number of possible expansions is finite.
By results of Alexander [1] and Moise [15] , any two triangulations of a 3-manifold are related by a finite series of stellar subdivisions and their inverses. From this, one can conclude that any triangulation T of S 3 can be related to a polytopal triangulation by a finite series of expansions. Therefore, the number d(T ), defined as the length of a shortest series of expansions relating T with a polytopal triangulation, is finite. In this paper, we prove estimates for d(T ) in terms of the number of tetrahedra of T . One can think of d(T ) as measuring the geometric complexity of T .
Expansions and contractions can be used to produce a class of polytopal triangulations as follows. We call a triangulation of S d edge contractible, if one can transform it into the boundary complex of a (d+1)-simplex by successive contractions. It is well known and easy to show that any edge contractible triangulation is polytopal. All triangulations of S 2 are edge contractible by a theorem of Wagner [23] . In [11] , Section 6.3, one finds an example of a polytopal triangulation of S 3 that is not edge contractible; in fact, no edge at all can be contracted.
Theorem 1 Any triangulation T of S
3 with n tetrahedra can be transformed into an edge contractible triangulation by less than 2 Theorem 2 For any m ∈ N there is a triangulationT m of S 3 with less than 856m + 1150 tetrahedra, so that d(T m ) ≥ 2 m−1 − 176.
The bound in Theorem 1 is certainly not sharp. However, it can not be replaced by a subexponential bound. Namely, in the series (T m ) of triangulations of S 3 , the number of tetrahedra grows linearly, whereas d(T m ) grows exponentially.
The proof of Theorem 1 is partially based on a complexity analysis [9] of the Rubinstein-Thompson recognition algorithm for S 3 . Based on the following result, we obtain a new and conceptually very simple recognition algorithm for S 3 .
Theorem 3 Any two triangulations of S 3 with ≤ n tetrahedra can be related by a sequence of less than 2 Recently, Mijatović [14] independently obtained a similar estimate concerning bistellar moves rather than contractions and expansions, using a modified form of our results of [9] .
Theorem 3 yields a recognition algorithm for S 3 as follows. Let T be a triangulation of a closed 3-manifold N , with n tetrahedra. Try all sequences of < 2 1. It follows from our proof of Theorem 4 that p(T ) = n if C has a diagram.
However this does not help to find a counterexample to the problem, since T is polytopal if and only if C has a diagram, by results of Whiteley [24] and Rybnikov [17] . Note that there are triangulations of S 3 with a diagram, that are not polytopal though, since their dual has no diagram.
2. One can prove that p(T ) = n if C is starshaped. Although there are non-polytopal starshaped triangulations of S 3 , it seems to be unknown whether there is a triangulation of S 3 whose dual is starshaped but not polytopal.
The estimates for p(T ) change dramatically if one drops the geometric assumptions on T , by the following theorem.
Theorem 5 For any m ∈ N there is a triangulation T m of S 3 with at most 856m + 534 tetrahedra and p(T m ) > 2 m−1 .
The theorem implies that there is in general no subexponential upper bound for the polytopality of a triangulation, in terms of the number of tetrahedra. Theorems 4 and 5 imply that there are triangulations of S 3 that are "arbitrary far" from being polytopal, measured in terms of the ratio of p(T ) and the number of tetrahedra. This gives some evidence (but not yet a proof) that Kalai's abovementioned result holds also in dimension 3, i.e., that "most" triangulations of S 3 are not polytopal. In [9] we have obtained a general upper bound for the bridge number of a link formed by edges of a triangulation. Similarly we prove the following upper bound for the polytopality.
Theorem 6 Let T be a triangulation of S 3 with n tetrahedra. Then
The definition of p(T ) does not rely on geometry. Nevertheless, it turns out that p(T ) is strongly connected to geometric properties of T , as we obtain both lower and upper bounds for d(T ) in terms of p(T ).
Theorem 7
If T is a triangulation of S 3 with n tetrahedra, then
Theorem 8 From any triangulation T of S 3 one can obtain an edge contractible triangulation of S 3 by a sequence of at most 512(p(T )) 2 +869p(T )+376 successive expansions. In particular, d(T ) < 512(p(T )) 2 + 869p(T ) + 376.
According to Theorems 4 and 7, if T is geometrically "simple", then p(T ) is small. According to Theorem 8, if p(T ) is small then T is not far from being polytopal. In conclusion, p(T ) seems to be a sensible numerical measure for the geometric complexity of T . The polytopality also gives a linear upper bound for the "distance" of two triangulations, as follows.
Theorem 9 Any two triangulations T , T of S 3 are related by a sequence of at most 325 p(T ) + p( T ) + 508 expansions and contractions.
Theorems 8 and 9 together with Theorem 4 imply that under additional geometric or combinatorial assumptions on T one can replace the estimates in Theorem 3 (resp. Theorem 1) by a linear (resp. quadratic) bound in n.
Outline and organization of the proofs
Theorems 1 and 3 follow immediately from Theorem 6 together with Theorems 8 and 9. Theorem 6 is essentially proven in [9] . The proofs of Theorems 8 and 9 are based on the interplay between cellular structures on S 3 and isotopies of surfaces. Let T be a triangulation of S 3 , and let C be its dual cellular decomposition. Let H : S 2 × I → S 3 be an embedding in general position with respect to C, such that C 2 ⊂ H(S 2 × I) and c(H, C 1 ) = p(T ). In the first step of the proof of Theorem 9, we change H by canceling pairs of critical parameters, so that c(H, C 2 ) is bounded in terms of p(T ). We associate to any non-critical parameter ξ ∈ I a 2-dimensional polyhedron P ξ ⊂ S 3 that consists of H(S 2 × ξ) and parts of C 2 . It changes by insertions and deletions of 2-strata, when ξ passes a critical parameter of H with respect to C 2 . We can bound the number of vertices of the inserted or deleted 2-strata.
The polyhedron P ξ is the 2-skeleton of a cellular decomposition of S 3 , whose barycentric subdivision is a triangulation T ξ . The deletion of a 2-stratum c ⊂ in P ξ (resp. its insertion into P ξ ) gives rise to a series of contractions (resp. expansions) starting at T ξ . The number of contractions (resp. expansions) is determined by the number of vertices in ∂c. We obtain a sequence of expansions and contractions that relates T with the barycentric subdivision of the boundary complex of a 4-simplex, whose length is bounded in terms of p(T ). This yields Theorem 9.
The proof idea for Theorem 8 is to attach 2-strata to P ξ as in the proof of Theorem 9, when ξ passes a critical parameter of H, and to postpone the deletions of 2-strata until all insertions are done. This gives rise to a sequence of expansions followed by a sequence of contractions that relate T with the boundary complex of a 4-simplex. Here the boundary of the inserted 2-strata may contain additional vertices, at the points of intersections with the boundary of other inserted (and not yet deleted) 2-strata. This yields the quadratic bound in Theorem 8.
We outline the proof of Theorem 7. Let T be a triangulation of S 3 with n tetrahedra. LetT be a polytopal triangulation that is obtained from T by a sequence of d(T ) expansions. It has at most n + d(T ) vertices. SinceT is polytopal, there is an embedding H : S 2 × I → S 3 withT 2 ⊂ H(S 2 × I) that has only critical points in the vertices ofT , i.e., c(H,
We finish the proof of Theorem 7 by giving a lower bound for c(H, T 1 ) in terms of p(T ) and n. The proofs of Theorems 2 and 5 are based on a result of Hass, Snoeyink and Thurston [6] . We construct to any m ∈ N a simple cellular decomposition Z m of a solid torus with a linear bound in m for the number of vertices, such that any meridional disc for the torus intersects Z 1 m in ≥ 2 m−1 points. We glue two copies of Z m together and obtain a simple cellular decomposition C m of S 3 that is dual to a triangulation T m of S 3 . It follows p(T m ) > 2 m−1 . A modification of this construction yields Theorem 2.
We outline the proof of Theorem 4. Let T be a triangulation of S 3 , and let C be the dual cellular decomposition. If T is polytopal (resp. T has a diagram), then C (resp. its barycentric subdivision C ′ ) has a diagram. A sweepout of R 3 by Euclidean planes in general position to the diagram of C (resp. C ′ ) has only critical points in the vertices of the diagram. Hence p(T ) is bounded by the number of vertices (resp. the number of vertices plus the number of edges) of C. If T or C is shellable, then C ′ is shellable. Using a shelling order of the tetrahedra of C ′ , we construct an embedding H : S 2 × I → S 3 that has at most one critical point in each open simplex of C ′ . This yields a bound for p(T ). The paper is organized as follows. In Subsection 2.1, we define the polytopality and prove Theorems 4, 6 and 7. Subsection 2.2 is devoted to the proofs of Theorem 2 and 5. Theorems 8 and 9 are proven in Section 3. We start the proofs in Subsection 3.1, changing an embedding H :
. The proofs of Theorems 9 and 8 are finished in Subsections 3.2 and 3.3, respectively.
Polytopality
Definition and upper bounds
After exposing some technical notions, we introduce in this subsection a new numerical invariant for a triangulation T of S 3 , called polytopality. It is an ambient isotopy invariant of the embedded dual graph of T and is inspired by the bridge number of links due to Schubert [20] . We prove a general upper bound for p(T ) in terms of the number of tetrahedra, based on our results in [9] . Under different hypotheses on T , we obtain stronger bounds.
Let M be a closed 3-manifold. For a cellular decomposition Z of M and for i = 0, . . . , 3, let Z i denote the i-skeleton of Z. In this paper we only consider cellular decompositions so that if ϕ : B k → M is the attaching map of a kcell, then for any open cell c the restriction of ϕ to a connected component of ϕ −1 (c) is a homeomorphism onto c. We do not assume that the closure of an open k-cell is a closed k-ball. Recall that a triangulation of M is a cellular decomposition of M that forms a simplicial complex. For a topological space X, we denote by #(X) the number of its connected components. If X ⊂ M is a tame subset, then U (X) denotes an open regular neighbourhood of X in M . We denote the unit interval by I = [0, 1].
Let Z ⊂ M be a 2-dimensional cell complex (later, it will be the 1-or 2-skeleton of a triangulation of M or of its dual). An isotopy mod Z is an ambient isotopy that preserves each open cell of Z as a set. Let S be a closed surface.
A number ξ ∈ I is a critical parameter of H with respect to Z, and a point p ∈ H ξ is a critical point of H with respect to Z, if p is a vertex of Z, a point of tangency of H ξ to Z 1 , or a point of tangency of H ξ to Z 2 .
Definition 3 An embedding H : S × I → M is Z 1 -Morse, if it has finitely many critical parameters with respect to Z, to each critical parameter of H with respect to Z belongs exactly one critical point, and for each critical point
Definition 4 Let T be a triangulation of S 3 , and let C be its dual cellular decomposition. The polytopality of T is the number
where the minimum is taken over all C 1 -Morse embeddings H :
Note that p(T ) is not an invariant of the abstract dual graph of T . It crucially depends on the embedding of C 1 ⊂ S 3 , which is determined by T up to ambient isotopy.
The following lemma allows to reduce Theorem 6 to our results in [9] , and is also useful to prove of Theorem 7.
Lemma 1 Let T be a triangulation of S 3 with n tetrahedra, and let H :
Proof. Let T ′ be the barycentric subdivision of T . All regular neighbourhoods occuring in this proof are to understand with respect to T . For any simplex σ of T , choose a vertex v σ of σ. Let p σ ∈ (T ′ ) 0 be the barycentre of σ. By ambient isotopy of (T ′ ) 1 with support in U (σ), we can assume that p σ ∈ U (v σ ). Let τ be a boundary simplex of σ, and let e be the edge of T ′ with endpoints p σ , p τ . If v σ = v τ then we can assume by ambient isotopy of (T ′ ) 1 with support in U (σ) that e ⊂ U (v σ ) and H has no critical points in the interior of e. If v σ = v τ then let f be the edge of T with endpoints v σ , v τ ∈ ∂σ. We can assume by ambient isotopy of (T ′ ) 1 with support in U (σ) that e ⊂ U (f ) and that the critical points of H in the interior of e are in bijective correspondence to those in the interior of f . The latter case occurs at most 2n + 1 times for any edge of T , since the star of e in T contains ≤ 2n + 1 simplices. Thus H has
Since T has n tetrahedra, 2n 2-simplices and at most 2n edges, (
yielding the lemma.
Proof of Theorem 6. Let T be a triangulation of S 3 with n tetrahedra and let C be its dual cellular decomposition. Since the vertices of C are critical points, it follows p(T ) ≥ n. By our results in [9] , that we have slightly improved in Chapters 3 and 4 of [10] , there is a T 1 -Morse embedding H :
2 . By the preceding Lemma 1, we have
Proof of Theorem 7. Let T be a triangulation of S 3 with n tetrahedra, and letT be a polytopal triangulation withṽ vertices that is obtained from T by d(T ) expansions. SinceT has a diagram, there is aT 1 -Morse embedding H : S 2 × I → S 3 so thatT 1 ⊂ H(S 2 × I) and c(H,T 1 ) equals the number of vertices ofT . Since T 1 ⊂T 1 and by Lemma 1, we havẽ
The number v of vertices of T is bounded from above by n.
The rest of this section is devoted to the proof of Theorem 4. The three separate claims are proved in the following three lemmas. Recall that a d-diagram is a decomposition of a convex d-polytope into convex polytopes (see [25] for details). A cellular decomposition of S d+1 has a diagram, if by removing one of its top-dimensional cells it becomes isomorphic to a d-diagram. It is well known that any polytopal cellular decomposition of S d has a so-called Schlegel diagram (named after Schlegel [19] ).
Lemma 2 Let T be a triangulation of S 3 with n tetrahedra. If T is polytopal, then p(T ) = n.
Proof. Let C be the dual cellular decomposition of T . Since T is polytopal, also C is polytopal. Thus C has a Schlegel diagram D ⊂ R 3 = S 3 \ {∞}. We choose coordinates (x, y, z) for R 3 such that no edge of D is parallel to the xyplane. Then a sweep-out of R 3 by planes parallel to the xy-plane gives rise to a C 1 -Morse embedding having only critical points in the n vertices of C, i.e., p(T ) = n.
Lemma 3 If a triangulation T of S
3 with n tetrahedra has a diagram, then p(T ) ≤ 3n.
Proof.
Let T ′ be the barycentric subdivision of T . Let Γ ⊂ (T ′ ) 1 be the 1-skeleton of the dual cellular decomposition of T . Since T has a diagram, T ′ also has a diagram. A sweepout by Euclidean planes yields a (
0 as set of critical points. The critical points of H in Γ are thus the n vertices of Γ and at most one point in each of the 2n open edges of Γ. This yields the lemma.
Lemma 4 Let T be a triangulation of S 3 with n tetrahedra. If T or its dual is shellable, then p(T ) ≤ 7n.
Let T ′ be the barycentric subdivision of T . Since T or its dual is shellable, also T ′ is shellable. Thus there is a shelling order t 1 , . . . , t 24n on the open tetrahedra of
with the following properties.
1. H 0 ⊂ t 1 .
H 1 24n
= ∂U (B 1 ) and H has exactly four critical parameters in [0, 
The polytopality grows exponentially
This section is devoted to the proofs of Theorems 2 and 5. We outline the construction after recalling a couple of notions. A 2-polyhedron Q is simple or a fake surface, if the link of any point in Q is homeomorphic to (i) a circle or (ii) a circle with diameter or (iii) a complete graph with four vertices. A 2-stratum of Q is a connected component of the union of points of type (i). The points of type (iii) are the intrinsic vertices of Q. A cellular decomposition C of a compact 3-manifold is simple, if |C 2 | is simple and C 0 is a union of intrinsic vertices of |C 2 |. This corresponds to the classical notion of simple convex polytopes [25] .
For n ∈ N, let B n denote the group of braids with n strands; see [3] , for instance. It is generated by σ 1 , . . . , σ n−1 , where σ i corresponds to a crossing of the i-th over 1 the (i + 1)-th strand of the braid, see Figure 2 .
i1 ∈ B 4 be a braid with k crossings, where ǫ j ∈ {+1, −1} for j = 1, . . . , k. Let K 1 ∪ K 2 ⊂ S 3 be the link that is defined in Figure 3 . Both K 1 and K 2 are unknots. We will use a result of Hass, Lagarias and Thurston [6] , providing a series of examples of a braid b so that any spanning disc for K 1 intersects K 2 in at least an exponential number of points, in terms of k.
, which is a solid torus containing K 2 as a not necessarily trivial knot.
We explain the idea for the proof of Theorem 5. We start with constructing a cellular decomposition Z b of V with K 2 ⊂ Z , and then drill out a regular neighbourhood of K 1 (see Lemma 5) . Next we glue two modified copies of Z b together (see Construction 2) in order to obtain a simple cellular decomposition of S 3 that is dual to a triangulation (see Lemma 7) . If one chooses b according to the examples of Hass, Snoeyink and Thurston [6] then the polytopality of the triangulation is "very big", yielding Theorem 5.
The simple 2-polyhedron P = ∂W ∪ (X ∩ W ) ∪ ({y = Define
One observes that P b is the 2-skeleton of a simple cellular decomposition of S 3 with 24k + 28 vertices that is dual to a triangulation. Any crossing of the braid bb −1 is realized in P Lemma 5 The 2-polyhedron 
Proof.
Since P b is the 2-skeleton of a cellular decomposition S 3 dual to a triangulation, any connected component of V \ Q b is a ball, the intersection of any two of these closed balls is connected, and the 2-strata of Q b in the interior of V are discs.
We show that the closure of any 2-stratum of Q b in ∂V is a disc, and the intersection of any two of these discs is connected. A 2-stratum of Q b in ∂V is a connected component of ∂U (K 1 )\P b . Since K 1 is not contained in the boundary of a single connected component of S 3 \ P b , the closure of any component of ∂U (K 1 )\P b is a disc. Since K 1 is not a union of two arcs that are each contained in the boundary of a connected component of S 3 \ P b , the intersection of the closures of two connected components of ∂U (K 1 ) \ P b is connected.
Therefore Q b is the 2-skeleton (including ∂V ) of a simple cellular decomposition Z b of V , and the dual of Z b has no loops or multiple edges, thus, is a triangulation. Any vertex of P b in K 1 gives rise to two vertices of Z b . Thus Z b has < 48k + 56 vertices. The 1-skeleton of Z b contains K 2 as a path of 11 edges, namely seven edges corresponding to edges of P b (the thick dotted lines in Figure 10 ) and four edges in P b ∩ ∂U (K 1 ) ⊂ Z Our plan is to glue two copies of Z b together, yielding a simple cellular decomposition of S 3 . In order to keep a bound for the number of vertices that is linear in k, we need an "adaptor" between the two copies of Z b . The construction of the adaptor is based on the following lemma.
Lemma 6 There is a disjoint union Λ ⊂ ∂V of three meridians for V so that #(Λ ∩ Z Proof. We construct Λ ⊂ ∂V according to Figures 5, 7, 9 and 11 as follows. Figure 5 shows the two annuli contained in ∂V that correspond to the two subarcs of K 1 shown in Figure 4 ; the annuli are cut along the dotted lines (left and right side of the rectangles in the figure). The figure shows the pattern of ∂V ∩ Z 1 b , where the numbers in Figure 5 at the edges of Z b in ∂V correspond to the numbers in Figure 4 at the 2-strata of P b . The broken lines indicate Λ. Similarly, Figures 7 and 9 show the parts of ∂V corresponding to the subarcs of K 1 in Figures 6 and 8 . We see 4 respectively 6 points of Λ ∩ Z 1 b . In Figure 11 , we show two of the four parts of ∂V corresponding to Figure 10 , and obtain by symmetry 6 points of Λ ∩ Z 
1 be a union of three copies of S 1 × { * } and { * } × S 1 , meeting in nine points. We attach Γ × {0} and Γ × {1} at ∂V 0 and ∂V 1 as follows. Choose the three meridians in Γ × {0} ⊂ ∂V 0 for V 0 and the three meridians in Γ × {1} ⊂ ∂V 1 for V 1 according to Lemma 6. Choose the three longitudes in Γ × {0} ⊂ ∂V 0 for V 0 (resp. in Γ × {1} ⊂ ∂V 1 for V 1 ) so that each of them intersects Z 3 . By Lemma 6 and by construction of Γ, Z has < 2 · (192k + 224 + 22k + 16 + 18) = 428k + 516 intrinsic vertices. It has nine 4-valent edges, corresponding to the vertices of Γ. We perturb C along these edges, which increases the number of vertices by 18, and obtain a simple 2-polyhedron C ′ .
Lemma 7
The 2-polyhedron C ′ is the 2-skeleton of a simple cellular decomposition C b of S 3 that is dual to a triangulation with < 428k + 534 tetrahedra.
Proof. By Lemmas 5 and 6, the closure of each 2-stratum of Z ′ is a disc and the closure of any connected component of S 3 \ C ′ is a ball. Thus Z ′ is the 2-skeleton of a simple cellular decomposition of S 3 . Let X 1 , X 2 be the closures of two connected components of S 3 \C ′ . It remains to show that 
)
m ∈ B 4 in order to apply the results of [6] . Let C m = C b be as in Lemma 7; it is dual to a triangulation T m of S 3 with ≤ 428k + 534 = 856m + 534 tetrahedra.
It remains to show that p(T
, which by Construction 2 is a link formed by at most 88 edges of C m . Let H :
There is a parameter ξ ∈ I for which H ξ ∩ ∂V 0 contains an essential line γ of ∂V 0 . Then H ξ contains a meridional disc for V 0 or for V 1 . By [6] , any meridional disc for 
Contractions and expansions
This section is devoted to the proofs of Theorems 8 and 9. Together with Theorem 6, they immediately imply Theorems 1 and 3. The proofs are outlined in the introduction.
Canceling pairs of critical parameters
The setting of this subsection is more general than we actually need it for proving Theorems 8 and 9. Let M be a closed orientable 3-manifold with a cellular decomposition C that is dual to a triangulation of M . Let S be a closed surface. The aim of this section is to deform a C 1 -Morse embedding H : S × I → M by isotopy so that c(H, C 1 ) is unchanged and c(H, C 2 ) is bounded in terms of c(H, C 1 ). To be a C 1 -Morse embedding means essentially to be in general position with respect to C 2 , associated to a critical parameter ξ 0 ∈ I. If there are local coordinates (x, y, z) around p 0 so that H ξ ∩U (p 0 ) = {z = ξ −ξ 0 }∩U (p 0 ) for ξ ∈ I, and C 2 ∩ U (p 0 ) equals
• {−z = x 2 + y 2 } ∩ U (p 0 ), then p 0 (resp. ξ 0 ) is of type F − .
• {z = x 2 − y 2 } ∩ U (p 0 ), then p 0 (resp. ξ 0 ) is of type F 0 .
• {z = x 2 + |y|} ∪ {z ≤ x 2 , y = 0} ∩ U (p 0 ), then p 0 (resp. ξ 0 ) is of type E + .
• {−z = x 2 + |y|} ∪ {−z ≤ x 2 , y = 0} ∩U (p 0 ), then p 0 (resp. ξ 0 ) is of type E − .
• ({z = |x| + |y|} ∪ {z ≤ |x|, y = 0} ∪ {z ≥ |y|, x = 0})∩U (p 0 ), then p 0 (resp. ξ 0 ) is of type V + .
•
Definition 6 Let H : S × I → M be a C 1 -Morse embedding. If any critical point of H with respect to C 2 is of type
Note that for each critical point p 0 ∈ C 2 of H corresponding to a critical parameter ξ 0 , there is a unique open 2-cell c of C so that U (p 0 ) ∩ H ξ0 ∩ c = ∅. We will use this fact in Construction 3 and Lemma 9.
Let H : S × I → M be a C 2 -Morse embedding so that H ξ splits M into two pieces for all ξ ∈ I. Let B + , B − be the two components of M \ H(S × I), with ∂B + = H 1 and ∂B − = H 0 . For ξ ∈ I, let B + (ξ) (resp. B − (ξ)) be the closure of the component of M \ H ξ that contains B + (resp. B − ). Our general hypothesis in this section is that both 0 and 1 are non-critical parameters of H with respect to C 2 , no circle in H 0 ∩C 2 (resp. in H 1 ∩C 2 bounds a disc contained in B + (0)∩C 2 (resp. in B − (1)∩C 2 ), and H 0 ∩C 2 = ∅ = H 1 ∩C 2 . We will change H by isotopy into a C 2 -Morse embeddingH : S × I → M so that c(H, C 2 ) is subject to an upper bound in terms of c(H, C 1 ). Whenever H has a critical point of type F ± , then it "cancels" with a critical point of type F 0 (see Lemma 8) . We change H according to Figures 15 and 16 , removing the canceling pair of critical points (see Lemma 9) .
Let p 0 ∈ C 0 be a critical point of type F + that belongs to a critical parameter ξ 0 of H. There is a unique open 3-cell X of C so that U (p 0 ) ∩ H ξ0 ∩ X = ∅.
Lemma 8
1. There is a nonempty open interval ]ξ 0 , ξ 0 [ so that for any ξ ∈ ]ξ 0 , ξ 0 [ there is a connected component γ(ξ) of H ξ ∩ ∂X that is a circle, such that γ(ξ) varies continously in ξ and lim ξ→ξ0 γ(ξ) = p 0 .
2. If ξ 0 is maximal then γ(ξ 0 ) = lim ξ→ξ0 γ(ξ) is a circle that is not a connected component of H ξ0 ∩ ∂X and contains a critical point p 0 of H of type F 0 .
Proof. For the first part of the lemma, let ǫ > 0 be small so that there is no critical parameter of H with respect to
For the second part of the lemma, note that γ(ξ 0 + ǫ) bounds a disc in
by the general hypothesis, ξ 0 < 1. By maximality of ξ 0 , either γ(ξ 0 ) is a critical point of H of type V − , E − or F − , or γ(ξ 0 ) is a circle containing a critical point of H of type F 0 . Since H 0 ∩ C 2 = ∅ by our general hypothesis, it follows by induction that the connected component of H ξ ∩ X containing γ(ξ) in its boundary is not a disc, for ξ ∈]ξ 0 , ξ 0 [. Thus the critical point in γ(ξ 0 ) is of type F 0 .
We keep the notations of the preceding lemma and assume that ξ 0 is maximal. Let ξ 0 < ξ 1 < · · · < ξ k = ξ 0 be the critical parameters of H with respect to C 2 in [ξ 0 , ξ 0 ], corresponding to the critical points p 0 , p 1 , . . . , p k . The following Construction 3 yields two closed arcs α 1 , α 2 ⊂ ∂X, so that for ξ ∈ [ξ 0 , ξ k ] and m = 1, 2 holds 1. α m ∩ H ξ is empty or a single point α m (ξ), 2. α 1 ∪ α 2 contains at most one critical point of H of type F + , 3. α m ∩ C 1 consists of critical points of H of type E + and V + , and
Construction 3 
This is possible, since if α 2 (ξ i ) ∈ γ(ξ i ) then we can stay in γ(ξ), if α m (ξ i−1 ) is not a critical point then we can avoid to run into C 1 , and if U (p i−1 ) ∩ H ξi−1 ∩ c m = ∅ then we can avoid to run into the critical point p i−1 . It follows by property (c) that
Lemma 9 There is a C 2 -Morse embedding H : S×I → M isotopic to H without critical points of type F ± such that H(S×{0, 1}) = H(S×{0, 1}) and c( H,
Proof. Let ξ 0 ∈ I be a critical parameter of H of type F + , and let p 0 be the corresponding critical point. We use the notations of Construction 3. If ξ 0 < ξ ′ 0 then we replace p 0 by the critical point of H of type F + that corresponds to the critical parameter ξ Let (x, y, z) be local coordinates around p k as in Definition 5. Let ǫ > 0 and U (p k ) be such that H ξ k −ǫ ∩ U (p k ) is a disc, and ξ 0 (resp. ξ k ) is the only critical parameter of H with respect to
Let α 1 , α 2 ⊂ ∂X be as in Construction 3. We change H into an embedding H : S × I → M in the following way, compare Figures 15 and 16 .
2. When the parameter ξ increases from ξ 0 − ǫ to ξ 0 , H pushes a finger along
When we push a finger along α 1 ∪ α 2 , critical points of H of type E + or V + occur at (α 1 ∪ α 2 ) ∩ C 1 . By Construction 3, these are also critical points of H of type E + and V + . Critical points of H in C 1 ∩ ∂U (α 1 ∪ α 2 ) do not occur 3 . It follows that the critical points of H and H in C 1 coincide, c( H, C 1 ) = c(H, C 1 ), although the positions of the corresponding critical parameters have changed.
One sees that H has exactly two critical points with respect to C 2 less than H, namely p 0 and p k . One iterates this construction and removes all critical points of type F + of H. By the symmetric construction, one also removes all critical points of type F − of H, and the lemma follows.
After getting rid of the critical points of type F ± , it remains to estimate the number of critical points of type F 0 .
Lemma 10
Assume that H has no critical points of type
Proof. For any ξ ∈ I, define P ξ = C 2 ∩ B + (ξ) ∪ H ξ . The homeomorphism type of P ξ changes only at critical parameters of H with respect to C 2 . Let ξ 0 be a critical parameter of H with respect to C 2 . Choose ǫ > 0 so that ξ 0 is the only critical parameter of H in the interval [ξ 0 − ǫ, ξ 0 + ǫ]. Denote by χ + , χ − the Euler characteristic of P ξ0+ǫ , P ξ0−ǫ . We have 
, and since H has at most #(C 0 ) = χ(C 0 ) critical points of type V − , the lemma follows.
Relating triangulations by contractions and expansions
This subsection is devoted to the proof of Theorem 9. We start with a construction of a triangulation associated to embedded fake surfaces, so that the triangulation changes by contractions (resp. expansions), if the fake surface changes by deletion (resp. insertion) of 2-cells. The proof of Theorem 9 is an application of this construction to fake surfaces that are associated to the non-critical parameters of a C 2 -Morse embedding. Let Q be a fake surface that is the 2-skeleton of a simple cellular decomposition C of S 3 . Suppose that any 2-cell of C is contained in the boundary of two different 3-cells of C. It follows then easily that the closure of any open 3-cell of C is a closed ball, and the barycentric subdivision of C is a triangulation of S 3 (i.e., it has no multiple edges). Since C and its barycentric subdivision are determined by Q ⊂ S 3 , we denote this triangulation by T (Q). The next lemma provides conditions under which the deletion of a 2-stratum of Q gives rise to a sequence of contractions of T (Q).
Lemma 11 Let Q 1 , Q 2 ⊂ S 3 be fake surfaces such that the triangulations T (Q 1 ) and T (Q 2 ) of S 3 are defined. Let c be a 2-stratum of Q 1 whose closure contains k intrinsic vertices. If Q 2 is obtained from Q 1 by deletion of c, then T (Q 2 ) is obtained from T (Q 1 ) by a sequence of 4k + 2 contractions.
Proof. By hypothesis on Q 1 , it is the 2-skeleton of a simple cellular decomposition C 1 of S 3 , and c is a 2-cell contained in the boundary of two different 3-cells X 1 , X 2 of C 1 . We contract T (Q 1 ) along the edges that connect the barycenter of c with the barycenters of X 1 , X 2 . By hypothesis on Q 2 , the closure of any connected component of S 3 \ Q is a ball, hence ∂X 1 ∩ ∂X 2 = c. Thus the two contractions are allowed, i.e., do not introduce multiple edges.
Any edge e ⊂ ∂c is adjacent to exactly two 2-cells c 1 , c 2 of C 1 that are different from c. By hypothesis on Q 2 , we have ∂c 1 ∩ ∂c 2 = e. Thus we can further contract along the edges of T (Q 1 ) that connect the barycenter of e with the barycenters of c 1 , c 2 , whithout to introduce multiple edges..
Any vertex v ∈ ∂c is endpoint of exactly two edges e 1 , e 2 of C 1 that are not contained in ∂c. Since ∂e 1 ∩ ∂e 2 = v, we can further contract along the edges of T (Q 1 ) that connect v with the barycenters of e 1 , e 2 . These 2 + 2k + 2k contractions yield T (Q 2 ).
Our plan is to associate fake surfaces to the non-critical parameters of a C 2 -Morse embedding, and apply to them the preceding techniques. For this aim, we need a C 2 -Morse embedding in a particularly nice position, as provided by the following lemma.
Lemma 12 Let T be a triangulation of S 3 , and let C be its dual cellular decomposition. There are two vertices v 0 , v 1 ∈ C 0 and a C 2 -Morse embedding
Proof. By definition, there is a C 1 -Morse embedding 
1 in exactly one (resp. two) arcs, then the critical point v 2 factorizes by one (resp. two) critical points of type E ± , one critical point of type V ∓ (with consistent signs), and some critical points outside C 1 . Thus we obtain a C 2 -Morse embedding
with the claimed properties is given by the restriction of
To prove Theorem 9, it suffices to show that any triangulation T of S 3 is related to the barycentric subdivision of the boundary complex of a 4-simplex by ≤ 325p(T )+254 expansions and contractions. Let C, v 0 , v 1 and H : S 2 ×I → S 3 be as in the preceding lemma, with H 0 = ∂U (v 0 ) and H 1 = ∂U (v 1 ). For ξ ∈ I, let B + (ξ) (resp. B − (ξ)) be the closure of the component of S 3 \H ξ that contains v 1 (resp. v 0 ). By Proposition 9, we can assume that H has no critical points of type F ± . By Proposition 10, H then has ≤ c(H, C 1 ) + 2n + 2 critical points of type F 0 (hint: we have χ(
is the number of vertices of T , thus, bounded by n). With Lemma 12, we have c(H, C 2 ) ≤ 2p(T ) + 6n + 6 ≤ 8p(T ) + 6.
By the next lemma, the triangulations T ξ = T (P ξ ) of S 3 are defined for any non-critical parameter ξ ∈ I of H with respect to C 2 .
Lemma 13 For any non-critical parameter ξ ∈ I, P ξ is the 2-skeleton of a simple cellular decomposition C ξ of S 3 . Any 2-cell of C ξ is contained in the boundary of two different 3-cells of C ξ .
Proof. Let c be a 2-cell of C and assume that some component γ of c ∩ H ξ is a circle. It bounds a disc D ⊂ c. Let a collar of γ in D be contained in B + (ξ) (resp. in B − (ξ)). Since H has no critical parameters of type F − (resp. F + ), it follows by induction on the number of critical parameters of H that c ∩ H 1 (resp. c ∩ H 0 ) contains a circle, in contradiction to the hypothesis on H. Thus H ξ intersects the 2-cells of C in arcs.
Similarly one shows that H ξ \ C 2 is a disjoint union of open discs, and S 3 \ P ξ is a disjoint union of open 3-balls. Thus the open 2-strata of P ξ are discs. Since both H 0 and H 1 intersect C 1 and C 1 is connected, P ξ has an intrinsic vertex in H ξ ∩ C 1 . Since ξ is not a critical parameter of H, P ξ is simple. In conclusion, P ξ is the 2-skeleton of a simple cellular decomposition C ξ of S 3 . Let c be a 2-cell of C ξ . If c ⊂ C 2 then it separates two 3-cells of C ξ , since C is dual to a triangulation. If c ⊂ H ξ then it separates the 3-cell of C ξ corresponding to B − (ξ) from another 3-cell of C ξ .
We show how P ξ and T ξ change when ξ passes a critical parameter ξ 0 of H with respect to C 2 . Let p 0 ∈ C 2 be the critical point corresponding to ξ 0 . Choose ǫ > 0 so that ξ 0 is the only critical parameter in [ξ 0 − ǫ, ξ 0 + ǫ]. Choose local coordinates (x, y, z) around p 0 as in Definition 5. Let r > 0 be small so that B = {x 2 + y 2 + z 2 ≤ r 2 } is a closed regular neighbourhood of p 0 . By isotopy of H ξ0±ǫ mod C 2 , we can assume that B ∩ H ξ0−ǫ = D and B ∩ H ξ0+ǫ = D ′ are discs, ∂B = D ∪ D ′ , and H ξ0+ǫ = (H ξ0−ǫ \ D) ∪ D ′ . Define P ′ = (P ξ0−ǫ \ B) ∪ ∂B. It is the 2-skeleton of a simple cellular decomposition of S 3 , and one easily verifies that T (P ′ ) is defined. By deletion of its 2-stratum D, one obtains P ξ0+ǫ . In ∂D are at most 4 intrinsic vertices (namely when p 0 is of type F 0 ). Thus by Lemma 11, T ξ0+ǫ is obtained from T (P ′ ) by ≤ 18 contractions. We consider how P ′ andP ξ0−ǫ are related by deletions of 2-strata.
1. If p 0 is of type F 0 , then one obtains P ξ0−ǫ from P ′ up to isotopy by deletion of the two 2-strata corresponding to D ′ ∩ {z ≤ x 2 − y 2 }. They both have 2 intrinsic vertices in its boundary.
If p 0 is of type E
+ , then one obtains P ξ0−ǫ from P ′ up to isotopy by deletion of the 2-stratum corresponding to D ′ ∩ {z ≤ x 2 + y, y ≥ 0}. It has 4 intrinsic vertices in its boundary.
3. If p 0 is of type E − , then P ξ0−ǫ is isotopic to P ′ .
4. If p 0 is of type V + , then one obtains P ξ0−ǫ from P ′ up to isotopy by deletion of the 2-stratum corresponding to D ′ ∩ {z ≤ |x| + y, y ≥ 0}. It has 5 intrinsic vertices in its boundary.
If p 0 is of type V
− , then one obtains P ξ0−ǫ from P ′ up to isotopy by insertion of the 2-stratum corresponding to B ∩ {z ≤ −|y|, x = 0}. It has 3 intrinsic vertices in its boundary.
Thus by Lemma 11, T (P ′ ) is obtained from T ξ0−ǫ by ≤ 22 successive contractions or expansions.
With our bound for c(H, C 2 ), it follows that T 0 and T 1 are related by ≤ (18 + 22) · (8p(T ) + 6) = 320p(T ) + 240 expansions and contractions. Let n be the number of tetrahedra of T . Since T has 2n 2-simplices and at most 2n edges, one obtains its barycentric subdivision T (C 2 ) by ≤ 5n ≤ 5p(T ) expansions. Since Q 0 is isotopic to the result of adding one triangular 2-stratum to C 2 , T (C 2 ) can be transformed into T 0 by 14 expansions. We count together and find that T can be transformed into T 1 , the barycentric subdivision of the boundary complex of a 4-simplex, by ≤ 5p(T ) + 14 + 320p(T ) + 240 = 325p(T ) + 254 contractions and expansions. This yields Theorem 9.
How to make a triangulation edge contractible
In this subsection, we prove Theorem 8. We use the same notations as in the previous subsection. The idea for the proof is to insert 2-strata as above in the transition from P ξ0−ǫ to P ′ , and to postpone the deletion of 2-strata until all insertions are done. This means to transform T by expansions into a triangulation that is then turned into the boundary complex of a 4-simplex by a sequence of contractions.
Let ξ 1 < ξ 2 < · · · < ξ Z be the critical parameters of H with respect to C 2 , and let p 1 , . . . , p Z ∈ C 2 be the corresponding critical points. Set ξ Z+1 = 1. Let ǫ > 0 be so that ξ i is the only critical parameter of H in [ξ i − ǫ, ξ i + ǫ], for all i = 1, . . . , Z. For any i, choose local coordinates (x i , y i , z i ) around p i as in Definition 5. Let r > 0 be small so that B i = {x
